A new mesoscale thermosensitive actuator design for circuit breakers based on a U-shaped compliant mechanism was introduced as a potential replacement for bimetal strips in miniature circuit breakers. In a previous study, the response of this design to the thermal fields produced by a steady current flow was analyzed. This article presents a modal analysis of the compliant mechanism. The goal of the analysis is to compare the natural frequencies of the mechanism with the frequency of the magnetic loads caused by the flow of the alternating currents. Simulations with simple beam elements and 3D elements are presented and results are compared with experimental measurements. The study finds that the natural frequency of the mechanism differs by a factor of about 8 with the AC frequency. The conclusion is that the proposed compliant mechanism design's performance as a thermal actuator will not be affected by the cyclic loads generated by the forces induced by the AC magnetic fields.
Introduction
Miniature circuit breakers (MCB) are a vital element for the protection of electric circuits against power surges. Their main function is the interruption of current flow as a protective measure against potentially dangerous conditions, such as overloads and short circuits. Currently, common electromechanical MCB designs in the market use a bimetal strip as a key element of the thermal trip system. The patent for the basic MCB design that relies on bimetal technology was originally granted in 1959 [1] . Although new trip mechanism designs have been developed since then [2, 3] , bimetal stripbased technology is still the most widely used because of its low cost, high reliability, and robustness. Figure 1 shows the mechanisms of the circuit breaker that was used as a starting point for the proposed design. The breaker contains two different trip systems which provide the current interruption actions in a coordinated manner. The thermal trip unit protects against current overloads, and the electromagnetic unit interrupts current flow when short circuits or sudden power surges occur. A bimetal strip is the main actuator of the thermal unit, while an armature provides the quick response to sudden power surges. Current flows only through the bimetal strip, and overloads result in a temperature rise, which causes the bimetal to deflect. This in turn pulls down the yoke and the armature, releasing the trip lever. In the magnetic trip system, a short circuit results in large current flow, which in turn induces a strong magnetic field. This field induces a force on the armature, which deflects in consequence, thus releasing the trip lever. Current overloads are relatively slow events that may develop in spans of minutes. On the other hand, short circuits occur in a fraction of a second, and the MCB mechanism should ideally act in about a quarter of an AC cycle (4.17 milliseconds for a 60 Hz AC source).
From the previous discussion, the bimetal strip is critical for the performance of the circuit breaker. The bimetal strip is expected to deflect under the thermal loads produced by the current flow. At the same time, it is expected to provide stable support for the armature. In operation, the mechanism is subjected to cyclic loads caused by the alternating currents that flow through it. This requires the mechanism to be insensitive to the forces caused by the magnetic fields that are in turn induced by the fluctuating current.
A new mesoscale compliant mechanism design was proposed as a potential replacement for bimetal strips in MCB. The proposed design is based on a U-shaped compliant mechanism and performs the two basic functions: the trip action for overload conditions and support for the magnetic trip system. Prototypes of the mechanism were tested under normal, overload, and short circuit conditions, and their performance in these tests met the requirements defined by industrial standards. The interest in the new design arises from the potential it has to reduce energy losses in the breaker [4] .
The functions that the mechanism performs pose a challenging design problem: the mechanism structure must be designed to deflect under thermal loads of a certain magnitude, while providing firm support to a second structure in presence of a varying force field. The previous work focused only on quasi static conditions. To validate the performance of the mechanism under the fluctuating magnetic fields, a modal analysis of the design was conducted. Finite element (FE) models of the mechanism were prepared using three different formulations: frame elements in a simple code developed for quick analysis, 3D Hexahedron elements, and 3D beam elements of Altair OptiStruct commercial solver software. There are two particular objectives of this study. The first one is to establish the capacity of the mechanism to be insensitive to the forces induced by the varying magnetic fields. The second one was to test the suitability of different mathematical models to predict this behavior, in particular the code that uses the 2D frame formulation. The development of code for quick analysis is of interest given the increasing computing capabilities of portable computers and mobile devices. A particularity of this work is related to the size of the compliant mechanism. A significant amount of work can be found in the literature for micro-and nanoscale mechanisms. Few studies are available for mesoscale applications.
This article is organized as follows. Section 2 presents a review of the literature. Section 3 describes the compliant mechanism design. The modeling procedure is introduced in Section 4 for the case of 2D modes. Section 5 presents the simulation results, and the experimental tests are presented in Section 6. Results are discussed in Section 7. Finally, conclusions and future work are presented in Section 8.
Literature Review
There are a number of studies of the behavior of flexures used as thermoactuator under steady state conditions, particularly for micromechanical applications. Guckel et al. [5] proposed the basic architecture of a family of compliant actuators that could bend under the effect of magnetic fields or thermal loads flexures for microswitching operations. Even though their proposal applied to microscale actuators, their design inspired the design presented in this work. Jonsmann et al. [6, 7] presented a series of thermoactuators that could be built by laser micromachining or electroplating. They used topology optimization techniques to produce the designs. A metallic flexure was tested and its deflection under the action of small currents was measured. Luo [8] compared the response of a flexure of a similar design, made of different materials, nickel and poly-Si. Flexure deflection caused by the thermal fields induced by constant currents was predicted with FE models. Results were compared to experimental measurements. Colbert et al. [9] conducted a review of the literature for thermoactuated flexures and developed models for the response of U-shaped flexures under steady state conditions. From the perspective of design methodologies, Zhao et al. [10] report the use of topology optimization, while Ansola et al. [11] used forward topology optimization thermocompliant mechanisms.
The response of compliant mechanisms to dynamic loads has also received a lot of attention. The two common approaches to characterize a flexure design are to obtain the natural frequencies by modal analysis and to perform direct measurements. A few studies have focused on developing methodologies to predict natural frequencies of compliant mechanisms. In an early work, Lyon et al. [12] used the pseudo rigid model to predict the first modal value of four configurations of parallel motion compliant mechanisms. Yu et al. [13] developed a more general methodology to predict natural frequencies of compliant mechanisms using dynamic equivalency and the pseudo rigid body model. Xu [14] analyzed a long stroke micropositioner that uses leaf type flexures and compared natural frequencies of FE models versus analytic models. Results were within 12%. The analytic models were based on the pseudo rigid models for beam type compliant mechanisms developed by Howell. Topology optimization techniques have also been applied to the analysis of compliant thermoactuators. Ansola et al. [11] worked on models with spatial varying thermal fields.
Most studies, however, focus on specific designs. As a consequence, there are a vast number of reports, particularly in the field of microelectric machine (MEMs) design. For example, Qi et al. [15] compared the natural frequencies of alternate designs of a bridge type amplifying planar mechanism. Li and Xu [16] introduced a planar parallel compliant stage and developed a matrix-based compliance/stiffness lumped model to predict stage deformations and natural frequencies with FE models. Natural frequencies predicted by the matrix model lay within 10% of the FE results for the first three frequencies. Tian et al. [17] used a similar methodology, i.e., lumped mass spring model and 3D FE, for a different nanopositioner design. Reported natural frequencies are virtually the same for both models and match well with experimental results. Predicted response under quasi static loads was not as accurate. The authors attribute the discrepancy to the inaccuracy associated with the hinge models. Polit et al. [18] theoretical models reported that deviations between FE and lumped models are about 5%. Tian et al. [17] presented an experimental study of the dynamic behavior of a positioner for grinding operations. The design of the mechanism is interesting because it is a threedimensional structure, as opposed to the more conventional planar designs.
The design of circuit breakers and fault protection systems is critical for power transmission. A significant amount of work is available in the literature. Recent interest centers on Direct Current (DC) applications. To name but a few, Kulkarni et al. [19] looked at the use of AC circuits breakers with reactors for protection of DC circuits, and Mokhberdoran et al. [20] designed solid state breakers for the DC circuits. More related to the work in this article, Deb et al. [21] analyzed and classified the toggle mechanisms used in circuit breakers. Their goals were to improve the tools available for the systematic design of electric switches and explore the potential application of new designs and concepts.
Several studies have looked at compliant mechanism design at the mesoscale. The consensus about dimensions considered mesoscale varying for different applications. For the purposes of this work, the definition proposed by Valdastri et al. [22] is used. They consider mesoscale when a mechanism size lies in the range of tenths of millimeters to tenths of centimeters. Their work focused on the design of compliant legged locomotion systems for biomedical applications. Varma et al. [23] used piezoelectric actuators with compliant mechanisms to amplify the range of motion of a mesoscale positioning system. In both cases, the size of the final components was a few centimeters, but neither work characterized the dynamic behavior of the compliant element. York et al. [24] designed an actuator 8 mm in length, with a travel range of a few hundredths of a millimeter. A transient response analysis was also conducted, in preparation for high speed actuation applications.
In summary, a significant amount of work for the characterization of the dynamic response of compliant mechanisms for micro-and nanoscale applications is available. The literature for mesoscale applications is not nearly as abundant. The application of thermoactuated compliant mechanisms for circuit breaker design offers the opportunity to improve the understanding of the dynamic behavior of mesoscale compliant mechanisms. The rest of the article presents an analysis of a novel, mesoscale compliant mechanism and the experimental work that validates the analysis.
Design of Compliant Mechanism
In the current case, a compliant mechanism U-shaped design was proposed as a solution to meet the design criteria. As explained before, the response of this shape to different types of loads has been reported in the literature, particularly for microactuating applications [5] [6] [7] [8] [9] . The design goal for the compliant mechanism was to replace the bimetal strip without affecting the rest of the breaker design, not only in terms of function but also regarding the available spaces within the MCB box. The basic shape is shown in Figure 2 . Each one of the arms of the U has a different cross-sectional area. A current flowing through them will produce a temperature difference between the two arms and thus a different expansion of each arm. This causes the whole compliant mechanism to bend under the influence of the thermal fields. Equation (1) describes the relationship between the intensity of the current and temperature rise in the conductor.
In (1), i(t) is the current as a function of time, m and R are the mass and resistance of the conductor material and can be obtained from = and R= r y * lg/bd, where is the density, r y is the resistivity of the material, is the conductor's volume, lg is the length of the conducting arm, b is the depth of the conductor, and d is its height. Melecio et al. [4] present the details of the derivation of (1) .
Given that the basic topology was prescribed, the design task consisted first in establishing a cross section to perimeter ratio in such a way that the temperature rise caused by the current flow could be kept within specified limits. The next step was to calculate the actual dimensions of the cross section to guarantee a certain deflection under the said temperature rise. As shown in Figure 2 , a slight curvature (curvature radio of 620mm) was added to one of the legs to force the mechanism to deflect in a specific direction, consistent with the magnitude of the temperature variation. The free arm is intended to replace the bimetal strip of the conventional MCB design and functions both as actuator for tripping under overload conditions and as support for the armature. Proper use of the anchor points rounds the design.
A prototype MCB box equipped with the compliant mechanism is shown in Figure 3 . For this particular design, a temperature rise of about 90
∘ C results in a 0.95 mm deflection of the free end, enough to cause the thermal protection to trip. Under these conditions, the thermal overload protection provided by the compliant mechanism is very similar to the performance of the bimetal strip. A full explanation of the design process and the performance under overload conditions can be found in [4] .
The compliant mechanism is made out of aluminum. In the analysis that follows, all cases assume the use of aluminum with the properties shown in Table 1 . 
U Shaped Compliant Mechanism
Figure 3: Internal view of prototype MCB, equipped with compliant mechanism that replaces bimetal strip. 
Modal Analysis with Plane Frame Elements
The goal of the analysis is to establish the suitability of the design to provide support to the armature under the fluctuating magnetic fields. Specifically, the natural frequencies of the mechanism have to be significantly different from those found in current power systems (50-60 Hz) for the mechanism to be considered insensitive to the forces induced by the magnetic fields. An FEA program was written for quick analysis of structures using plane frame elements using Mathematica. The program can calculate displacements caused by static loads or by predetermined temperature variations of the frame elements. It also calculates the natural frequencies of the structure. A preprocessor generates a mesh from data that can be input manually or in a table. A postprocessor displays the deflection data as well as the deflection patterns or mode shapes, depending on the type of analysis.
For the modal analysis, the system to solve is an eigenvalue problem of the form
The matrices are constructed using a consistent formulation with the Galerkin method [25] , in which cubic polynomials and their derivatives are used to interpolate transverse displacements and rotations, and linear functions are used to interpolate axial displacements. A brief description of the derivation is shown in the Appendix. Although the program used in this work performs numerical integration to calculate the actual element stiffness and mass matrices, it can be shown that the terms of the stiffness matrix [K] for a frame element are 
where
And E is Elastic Modulus, A is cross sectional area of beam element, I is moment of area, and ℎ is the characteristic for an element is defined as 
The order of the matrix is 3n x 3n, where n is the number of nodes for which a solution is sought. Once a mesh is developed and the corresponding matrices are constructed, a standard Mathematica routine for eigenvalue solution was used to establish the natural frequencies.
Finite Element Modal Analysis of Compliant Mechanism for MCB
The dimensions of the compliant mechanism are shown in Figure 2 (b). Dimensions range from as little as 0.6 mm for the hinge to 45.7 mm in length of the mechanism. As can be seen in the figure, the free arm is slightly thicker than the fixed arm. As a consequence, temperature increases more in the fixed arm, which causes the free arm to deflect depending on the temperature differential of both arms. A very slight curvature (radius of curvature of 620 mm) is given to the fixed arm to guarantee deflection in the correct direction. Figure 4 shows the geometry with the boundary conditions used in the modal analysis. The mesh for the 2D frame elements model of the flexure is shown in Figure 5 (a). The hinge was modeled as a beam. It is important to note that Element 8 in the mesh is actually thicker than the rest of the beam. This is needed to provide a better representation of the actual compliant mechanism, in which a thicker section was manufactured to provide space for electrical connections. Beam cross sections were modified at 4 different flexure sections to represent the rest of the geometry. Figures 5(b) and 5(c) show the first two modes and natural frequencies. The formulation for these models was presented in the previous section. The results of the convergence analysis for this mechanism is presented in Table 2 .
The same geometry was analyzed using Altair Hypermesh for model preparation and OptiStruct as solver. As mentioned before, two different types of elements were used, beam elements and hexahedral elements.
Three-dimensional CBEAM type beam elements were used in the first model. The convergence analysis for this case is shown in Table 3 , and the first two in-plane mode shapes are shown in Figure 6 .
Three-dimensional CHEXA type elements were used in the second model. The convergence analysis for this case is shown in Table 4 , and the first two in-plane mode shapes are shown in Figure 7 .
Clearly, in the case of the beam models, all modes are in the plane. In the case of the three-dimensional CHEXA model, the second mode shape showed deformation in the direction of the width, out of the plane.
Experimental Validation
The natural frequencies of the compliant mechanism were measured using a Polytec vibrometer Model CLV-2534. Two aluminum prototypes of the compliant mechanism were tested. In each test, a mechanism was clamped at two points on a vice, as shown in Figure 8(a) . An impact hammer was used to cause an excitation in the mechanism, and deflections were recorded by the system. Figure 9 shows data for one of the two tests. Two natural frequencies can be observed, the first one at approximately Table 5 summarizes the results of all cases: each experiment and simulation results with two-dimensional (2D) frame elements, as well as the 3D beam elements and threedimensional (3D) and hexahedral elements.
Results and Discussion
As can be seen, there is a very good match between the simulation results and the experimental data for the case of the frame and beam elements. The difference in the first two natural frequencies was less than 2.5%. The hexahedral element results were less accurate, with a difference of almost 18% in the worst case. The probable reason is that hexahedral elements tend to be numerically stiffer, and as a consequence the natural frequencies tend to be overestimated.
From the perspective of the performance of the compliant mechanism, line frequencies are in the 50 to 60
Mathematical Problems in Engineering Hz, depending on the geographical location. Ideally, the excitation frequency should be much larger than the natural frequency of the system, making the system insensitive to the excitation. For the case of the North American households, the magnetic fields fluctuate at 60 HZ, which is about 15% of the natural frequency of the mechanism. That is, frequencies at normal operating conditions are significantly different from the natural frequencies. Under normal conditions, the forces produced by the magnetic fields are relatively small. Experimental data for forces or deflections induced by the magnetic fields in MCB, of this or similar designs, is not available. However, simulation results [26] suggest that the force induced by the magnetic field on the yoke would be in the range 0.08N for overload conditions (60A). Experiments with the conventional mechanism have shown that a force of about 0.35 N is needed to trip the armature [26] . If the natural frequencies of the compliant mechanism matched those of the line, it is unlikely that the proposed design would pass the overload test, given that per standards the trip mechanism must allow overloads for short periods of time. Lab tests of prototype MCB's equipped with the compliant mechanism have shown that performance meets the standards, even for overload conditions. This behavior is consistent with the conclusions that can be drawn from the modal analysis.
Conclusions
This work presented a modal analysis of a new mesoscale thermosensitive actuator design for circuit breakers based on a U-shaped compliant mechanism. The study was necessary to provide a full characterization of the proposed design. The results of different FE models were compared to the results of experimental tests, and a very good match was found. Overall, the results of this study are consistent with the performance of prototype MCB in lab tests. This work has highlighted the capacity of simple computer models to provide valuable information about particular compliant mechanism designs, a very valuable capacity during early stages of design, in which candidate geometries are compared. Another contribution of this work is the analysis and supporting experimental data for the behavior of a mesoscale compliant mechanism. While significant work has been done on micro-and nanoscale compliant mechanism, data for mesoscale applications is much scarcer.
A few directions for future work are being explored. The development of other compliant mechanism configurations for different MCB protection designs is being explored, as well as the potential use of these configurations for similar applications such as thermal-mechanical overload relay design. Also, the use of 2D beam elements lends itself to combination with other techniques, such as neural networks, to speed up iterations at early stages of the design process. The code presented here is currently being tested for developments using this approach.
Appendix

A. Formulation Used in Frame Element Program
This section presents a brief explanation of the formulation used in the frame element FE program. A number of excellent books provide an in-depth explanation of the technique. Most of the current explanation can be found in specialized literature, such as Reddy [25] . In the Euler-Bernoulli beam element, shown in Figure 10 , the transverse deflection is governed by the following equation:
For beams, = EI, where E is the Elastic Modulus of the material, and I is the moment of area of the cross section of the beam. A finite element formulation proposes a solution of the weak form of the previous equation. The basic idea is to discretize the domain in elements (Figure 10(b) ) and device a solution over each element, which must be consistent over the mesh of elements that makes up the full geometry. The approach produces the same results as a weighted residual method. Over the element, a solution for w is sought in such a way that the weak form is solved:
where V is a function that is twice differentiable. Integration by parts results in
The terms in the integral are used to construct the stiffness matrix that characterizes the particular geometry, while the term in the bracket represents the essential boundary conditions (deflection and slope) and natural boundary conditions (shear and moment). An approximate solution for over the element is proposed in the finite element model:
where represent the nodal values of the solution and 0 are the approximate functions over the element. These functions must meet certain requirements for continuity and completeness. The finite element provides a structured way to select these functions. In our case, Hermite interpolation functions were used: is the term for the forces acting on the beam. Note that in (A.2) has been replaced by for the beam problem, and accounts for the forces and moments at the boundary of (A.3).
constitute the elements of the stiffness matrix for the element, which is 4 x 4 for the Euler-Bernoulli formulation. Also, notice that i and j take values 2, 3, 5, and 6, when establishing the factors of the frame element matrix. That is, the parameters of (A.10) are placed in the spaces that are left in matrix [K] of the main body that do not belong to rows and columns 1 and 4. Care must be taken to avoid mixing the elements. For example, term [ 3, 3 ] in the matrix actually corresponds to term 2,2 ; that is, As before and referring to the main body of the article, [K] matrix elements (1,1), (1, 4) , (4, 1) , and (4,4) are defined by elements 1,1 , 1,2 , 2,1 , 2,2 from (A.19), respectively. As a final note, a similar procedure in which the same functions are used to develop the mass matrices was followed for consistency. 
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